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AJaKmuTIcs

AN EC?ERIMNMLCOMPARISONOFTHELAGRANGIAN

COEFFICHNTSIN

w

.

HOMCGENECUSISOIROPIC

WlliamR.Mickelsen

ANDEULENANCORRELATIOIV

An experimen~comparisonwasmadebetween

!mRBuImCE

theLagrsmgianand
Euleriancorrelationcoefficientsinthehomogaeous,isotropiccentral
coreofa turbulentpipeflow. me @P=@.= corre~tioncoe~fi~~t
wascharacterizedbymeasurementsoftheturbulentdiffusionofhelium
froma pointsource.TheturbulenceintensityandESileriancorrelation
coeffIcientsweremeasuredby hot-wireanemcmetry.

q

E
TheLa-an andEuleriancorrelationcoeff’icientshadsimilar

shapesrelatedby a linearproportionalitybetweentheirtimeandspace
coordinates.Thelinearityandtheproportionalityfactorwereevaluated
overa rangeofturbulenceintensitiesfrom1.8to14feetpersecond.

Theproportionalityfactorwasroughly0.6andprovidesa meansfor
thequtitativesolutionofpracticalturbulent-~ problemsfrcm
hot-wire-anemometrydataorfromknowledge
oftheturbulencefield.

Theturbulentmixing
. performanceof jet-engine

INIRODUCITON

ofmassandheat
conhstors.For

responsibleforthepreparationofdesired

oftheNerian parameters

is ofmajorimportancetothe
example,m~g islargely
fuel-airmixturesandalso

sffectstheover-allcombustionprocess.Thegeneralobjecti.veofthis
investigationwastofindrelationsbetweenturbulent-mixingtheoryand
experimentwhichwouldprovidesufficientinformationforthedirectso-
lutionofpracticalmixingproblems.

TheTaylortheoryofdiffusiaby continuousmovements(ref.1)
providesdefinitionsoftheturbulentparameterswhichenterdirectly
intothesolutionofturbulent-mixingproblems.Thistheoryw3JJbe
discussedindetailinthenextsectionofthisreport,anditwill
sufficeto sayherethattheturbulent-mixingparametersarederived

—-. —..—.. —-. -—.— ———.——--— —-—— —— .—-— ——————. —
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directlyfrcmtheLagrangiancorrelationcoefficient~. Thiscoeffi-
cientexpressesthedegreeofcorrelationbetweenthevelocityV. of

a particleattime to andthevelocityvt ofthessmeyarticleata
latertime t,as shownby the~quation

(1)

(SeeappendixA fordefinitionsof symbols.) Equation(1)iswritten
fora homogeneousfieldofturbulence,andthebaroverthevelocity
productsdenotestheaverageofa largenumberofparticlemotions.The
Lagangiancorrelationcoefficientglmaybe furtherclarifiedby the
followingfigures:

t

J’Pathof
particle

u’‘o

Positionofparticle
at zerotime

Position
particle
the t

of
at

he, t, sec

As shownintheright-handgraph,@ = 1 at t = O,@d $? usuallyap-
proacheszeroas t approachesinfinity.

Althoughthe~angian correlationcoefficientcannotbemeasured
directlyby existinginstrumentation,themixingrateofanyparticular
turbulentfieldcanbedeterminedbymeasuringthediffusionofmassor
heatfroma simplesource.TheNerian turbulenceparametersofthe
fieldcanbemeasuredlyhot-wireanemmnetry,orpossiblypredictedfrcm
experienceorfromtheshapeoftheflow-fieldboundaries.TheUrect
measurementofthe~ rateislaboriousandawkwardcomparedwith
hot-wire-anemometrytechniques;hence,a needexistsforknowledgeofre-
lationsbetweentheI@gangianandNerian parametersofturbulence.

.

4

.

TwoimportantFNerianmeasuresofa turbulencefieldaretheturbu-
-

lenceintensityA/uz andthedoublevelocitycorrelationcoefficient,a
nine-componentsecond-ordertensor,whichforhomogeneousisotropictur-
bulencecanbe reducedto twointerrelatedcorrelationcoefficientsf Q

“and g,as shownbyK&m& andHowarth(ref.2). TheNerian correlation
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. coefficientsf and g expressthedegreeof correlationbetween
turbulent-velocitycomponentsofdifferentfluidptiiclesatpoints
separatedby a distance<;

wherethebarsdenotetimeaverages.Therelationbetweenf and g
is showninthenextsectionofthereport.Both f and g become
equalto1.0at ~ = O,andbothusuallyareasymptotictozeroas ~
approachesinfinity,ina msmer similaxtothatoftheLagrangiancor-

~ relationcoefficient~. Both f and g canbeconvenientl.ymeasured
~ by present-dayhot-wireanemometry.
q

E Theonlyworkappearing& theliteratureonthetheoreticalrela-
tionbetweentheIagmngianandEuleriancorrelationcoefficientsis
thatofreference3. Theanalysisisbasedonjoint-velocityprobability
distributionsandNerian correctioncoefficientsbetweensuccessive
incrementaldistancesbutisnotyetina completelyusableform.

Anmber ofexperimentalmeasurementsofthemixingofmassand
heathavebeenmadeinturbulentfluidstreams.b theworkofrefer-
ence4,hydrogenandcarbontioxidewereinjectedfroma simulatedpoint
sourceintothecentralcoreofa fullydevelopedturbulent.pipeair
flowandwerefoundto diffuseatthessmerate.Theresultsageedwith
Taylorfstheoryofdiffusioninthattheturbulentdiffusioncoefficient
wasa functionoftimewhichincreasedfromzerotoanasymptoticvalue
far,downstream.

A similarexpertientwasperformedbymeasuringtheturbulentcllf-
fusionofa saltsolutionfroma simulatedpointsourceina fully
developedturbulentwaterchannelflow(ref.5). Theresults,which
agreedwiththoseofreference4, showedtheLagrangiancorrelationco-
efficienttobe a continuousfunctionofthe havingthecharacteristics
Uscussedina precedingparagraph.

Measuranentshavealsobeenmadeoftheturbulentdiffusionofheat
closebehinda ldnesourceina grid-generatedflowingturbulencefield
(refs.6t08). TheTaylortheoryofdiffusionpredictsthat,forvery
shorttimessubsequenttothestartofthh&Wfusion~rocess,theturbu-
lentdiffusioncoefficientisequalto v%, where # isthemean
squareoftheturbulent-velocityfluctuations,and t istheresidence

———— ——
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4 NACATN 3570

timeinthestream.Reference6 reportsworkwheretheturbul.ent-
diffusioncoefficientwasequaltothatpredictedby theTaylortheor&, L..
whilereferences7 and8 giveqerimentalturbulent-diffusioncoeffi-
cientshigherthanthosepredictedtheoretically.

Theexperimentalworkofreferences7 and9 includeddetermination
oftheUgrangiancorrelationcoefficientinfieldsofdeceyingiso-
tropicturbulence.Thesemeasurementsarealsoinaccordwiththe
TsylordescriptionoftheIagr&mgiancorrelationcoefficient.

l-lco*m
Thespecificobjectiveofthepresenttivestigationwastofinda

relationbetweentheIa.grangianandtheNerisn turbulenceparameters,
sothatquantitativesoltiionstomtQng problanscouldbe obtained
fromanermmet~measurementsoftheturbulentfield.Iagrangian
turbulent-midngparameterswerefoundexpertientallybymeasuringthe
diffusionofheliumfrcnna pointsourceinanairstream.Heliumwas
usedasa diffusingmaterialbecauseit couldbe detectedinverylow
concentrationswith-sting mass-spectrometryequipnent.Thelowcon-
centrationsweredesirablesincethehe~uminjectionflowrates,and
hencetheheliuminjector,couldbe keptsmall.Inthisway,theef-
fectoftheinjectorvortexwakeonthediffusionprocesswasminimized.
Inaddition,thelowconcentrationsofheliumhada negll@bleeffect
onthefluidpropertiesofthestream.TheNerism correlationcoeffi-
cientsweremeasuredwithconstant-temperature-anaametryequipment.
Theexpertientwasperformedintheapprohtely homogeneous,isotropic
centralcoreoffdd.ydevelopedturbulentpipeflow. .

TheinvestigationwascarriedoutattheNACALewisFlightPropulsion
Laboratoryasa partof!theconibustionresearchprogrsm.

THIZORZ!TICALANALYSIS

Definingtheturbulentmixingdownstreamfrmna pointsourceinterms
oftheLagangismcorrelationcoefficientprovidesa comparisonbetween
theLagrangianandlWleriancorrelationcoefficients.Thissectionshows
thederivatimofthisLagran@sn-mixingrelationandalsoincludes
Nerian relationspertinenttotheconditionofisotropyandtothe
Lagran@an-Neriancomparison.

TheTaylorTheory

Taylorshowsinreference1 that

ofDiffusion

themeandisplacaentoffhid
particlesina turbulentfieldisrelatedtotheLagrangiancorrelation
Coefficient

13
J

-—.72 dt L?dt (4)
o

“
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where~ isthemeansquaredisplacement
Reference10pointsoutthatby analo~to

5

ofa groupofmanyparticles.
Brownianmovement

(5)

whereD isa turbulent-diffusioncoefficient.

AsnotedinreferenceU, experiment(refs.4 to 9)hasindicated
thatinhomogeneousturbulence,thefluidparticledisplacementsY
havea Gaussianprobabilitydensity.ReferenceJ-1showsthatasa con-
sequenceofthisGaussianformthediffusioncoefficientdefinedby equa-
tion(5)maybe usedintheFourier-Poissontiffusionequation

bc a
[x=q( D+d)~ 1 (i = 1,2,3)

where C istheconcentrationofmassatthecoor@tes ~ attime
t,and d isthemolecular-diffusioncoefficient.

SolutionforthePointSourceofDiffusionina MovingStream

Ifthemolecular-diffusioncoefficientd is constant,asinthe
presentinvestigation,andiftheturbulentfieldishomogeneous@
isotropic,thenequation(6)canbe written

a%
% =(D+d)~ (i= 1,2,3)a%

A newpsrameterm maybe definedby therelation

CD=q+a)d= r (D+d) dt
o

wherea, q, and ad arecalledthetotal,theturbulent,

(7)

(8)

andthe
molecular-sprea~coefficients,respectively.Throughthistransform-
ation,equation(7)maybe written

ac a2c
,z=~i (i=1,2,3) (9)

—---- .— —.— — —- ——— ——.. -- - —
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Thesolutionto
leasedintoa stream

NACATN 3570 .

eqpation(9)foraninstantaneouspointsourcere-
ha~ a velocityU is giveninreference12as

(x-Ut)2+r2

~=*e
& (lo)

Reference13notesthatthesolutionfora continuouspointsourcecan
be obtainedby summingthecontributionsfrcmtheinfinitenumberof $
diffu9ioncentersdownstreamfromtheinjectionpoint;

Fm

- (x-Ut)2+r2

An appr-te solutionforthecontinuous
in reference4 forcaseswherethediffusion
negMgibleandwherex >>r is

r2
c=> e-z

4*

Thevalddityofequation(12)wascheckedin
by campar@ itnumericallywitha graphical
Thecomparisonindicatedthatequations(lJ.)
identicalovera rangeof r sufficientfor

in

dt (n)

pointsourcesuggested
the x directionis

(12) ,

thepresentinvestigation
solutionofequation(n).
s.nd(12)arepractically
theevaluationof 0.

RelationsRetweentheEulerianCorrelationCoefficientsin

HomogeneousIsotropicTurbulence

Forhomogeneous,isotropicturbulence,K&m& andHowarth(ref.2)
showthattheNerian doublevelocitycorrelationcoefficientisa
second-ordertensor,thatis,

where
lated

IIfooOfo (13)
Oog T

thecorrelationcoefficientsf and-g (eqs.(2)and(3))arere-
throughtheequation .

Edf
f-g=-–—

2E
(14)
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Anotherrequirementfortheconditionofisotropyisthat

(15)

Equations(14)and(15)providemeansforascertainingthedegreeof
isotropyintheexperimentalturbulentstream.

ComparisonoftheIagra@anandEulerianCorrelationCoefficients

A Iagrangianscaleofturbulence9 may

r
—

2=$t*

where t* isa characteristictimegivenby

!

-
t*= 8 dt

o

Combiningequations(16)and(17)@ves

rJ
m

y. # o #dt

tiananalogousmanner,anEulerianscalecan

Fora
scalesare

homogeneousfieldofturbulence,
proportional;

$ =“BA?

Furthermore,iftheMgrangisn andNerian

7

be definedby therelation

(16)

(17)

(18)

be definedby

(19)

(20)

correlationcoefficients
havethes~e functio~lforms,thena basisfortheirccmrparisoncan
be expressedby

Eb)f(g)=S? —
V2

(21)

whereB isa numericalfactorofproportionality.Introductionof
equations(20)and(21)into(19)yieldsequation(18),as consistency
requires.

.— —. ———. —-—-——--



8 IWCATN 3570 .

The@gan@an datatakeninthepresentinvestigationconsistedof .4
thesyreadingcoefficientm which,whencorrectedforthemolec~
spreadingthrougheqwtion(8),wasreducedto theturbulent-spreading
coefficient~. Combinationofequations(4),(5),and(8)resultsin
thefollowingexpressionfor ~:

Ratherthan
cleanedmore
correlation

L/’~.~t t$?dtdt (22) ‘
00

d
performa doubledifferentiationofthe ~ data,itwas &
accuratetoperforma do~le integrationoftheEulerian
coefficientf by theretition

(23)

By comparisonbetweenthe ay calculatedfrm theanemometrydataand
the ~ obtainedfromthehelium-diffusiondata,thesimilarityhypothe-

sis expressedby equation(21)couldbe investigated.

As shownby thediscussioninthissection,itispossibleto can-
,n

~aretheshapecharacteristicsoftheIagrangianandNerian correlation
coefficientsby a ccmibinationofhelium-diffusionandhot-wire-ammmmetry -
measurements.

Ductingand

APPARATUS

Air-FlowInstrumentation

Theturbulentfieldwasgeneratedinan 8-inch-diameterducthaving
aninletlen@h-to-tiameterratioof.36.As showninfigure1,roomair
wasdxa~mintotheductthroughan inletcontractionnozzlesmdtwo!
screenstopranotenearlyfullyikvelopedpipeturbulenceatthehelim
injectorandtistmnnentationstatims.Theairflowpassedthrougha
critical-flow“exhaustchoke”stationandthenintothelaboratoryalti-
tudeexhaustfacility.Theair-flowratewascontrolledby varyingthe
tiust area.

Theairtemperaturewasmeasuredwitha mercurythermometerlocated
outsidetheductnesrtheinletnozzle.Ductstaticpressuresweremeas-
uredwithstandardwalltapsplacedattheinstrumentationstationsand >
connectedtomercurymanometers.

Thestreamvelocitywasmeasuredwitha standardpitotstaticprobe “
connectedto a micrcmanometerandwitha hot-wireanemometerby usinga
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vortex-sheddingtechniquedescribedinreference14. Thetechniquecon-
sistsofdeterminingthefrequencyofvortex-sheddingfroma cylinder
witha hot-wireanemometer.Thefrequencyofvortex-sheddingn isre-
latedtothestreamvelocityU by theStrouhalnmiberS= ndJU,
wheretheStrouhalnumberS is constantovera largerangeofReynolds
numberbasedonthecytiderdismeter~. Thehot-wire-smmometry
equipnentalsoprovideda convenientmeansformeasuringradialand
&ai stream-velocityprofiles.

W+
P TurbulenceInstrumentation

Hot-wire-anemometryequipnentwasusedtomeasuretheturbulence

intensitiesfiAnd~ andtheNerian correlationcoefficientsf
and g. Thehot-wireammcmeterwasoftheconstant-temperaturetype
andis describedinde~ilinreference15. Theturbulenceintensities
weremeasuredwithanaverage-squarecomputerdescribedinreference15.
Thecorrelation

y tioncomputer.
E appendixB.

Heliumwas
14-Uterbottle

coefficientsweremeasuredwitha magnetic-tapecorrela-
te anemometryequipmentandtechniquesarediscussedin

HeHum InjectionandSsmpMng

supp31edtothesimulatedpointsourcefroma standard
anda pressure-regulatorsystem.Theheliummassflowwas

meteredwithcalibratedcritical-floworificesandinjectedintothe
streamthrougha similatedpointsourceshowninfigure2. Theinjector
wascarefuXlystreamlinedtominimizeflow,disturbances.

Thetipofthesamp~g probehada 0.040-inchinsidediameterand
a 0.060-inchoutsidediameterandcouldbemovedacrosstheductwitha
probeactuqtor.Theprobecouldbepositionedatanyoftheinstrumenta-
tionstationssho~min figure1. Thessmplewasdrawnfrcmthestream
witha vacuumpump,meteredwithc~bratedcritical-floworifices,and
drawnpasta standardleakconnectedtoa helium-leakdetector.Theleak
detectorwasamass-spectrometertypeandhada linearsensitivityto
heldumconcentration.

PROCEDURE

MeanStreamConditions

Turbulenceandhelium-tiffusionmeasuraentsweremadeatfive
streamvelocities:50,75 100,122,and164feetpersecond.Theair

6tempemturevariedfrom70 to 78°F, andtheductstaticpressurevaried

.- — —.—— _-—._ ____ ._ _ ._ __ ._
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v

from26.6to 29.0inchesofmercuryabsolute.Thesevariationswere
causedby day-to-dsychangesinroomtemperatureandbarometricyressure .

andby ductingpressuredrops.

Theturbulence
measurementsofthe

TurbulenceMeasurements

fieldwasinvestigatedin detail
turbulenceparametersat eachof

bymakingtraverse
theinstrumentation g

stationsshowninfigure1. Thecentralcoreoffullydevelopedturbu- S
lentpi~eflowshouldapproachhomogeneityandisotropy.Theapproach
totheseconditionswasinvestigated,inadditiontotheturbulence
measurementsrequiredforcomparisonofthelRilerianandLagrangiancor-
relationcoefficients.Thedatareductionmethodsfortheturbulence
measurementsarediscussedinappendixB.

DiffusionMeasurements

He13um-concentrationprofilesweremeasuredata seriesofstations
downstreamfrcnntheinjectorforeachofthefivestresmvelocities.In
ordertominimizeturbulenceeffectsattheinjector,mostofthediffu-
siondataweretakenwiththeheliuminJectionvelocityequaltothe ,%
streamvelocity.Withthiscondition,thehelim concentrationwastoo
lowforsatisfactorydetectionatthestationsfarthestdownstream.To
alleviatethiscondition,injectionflowratesweredoubledformeasure- .
mentsatthesestations.SincetherelativeconcentrationC/C. atthe
intermediatestationswasunchangedby thisprocedure,itwasconcluded
thatinjectionattwicestreamvelocityhadno effecton evaluationof
thespreadingcoefficientu) atthestationsfardownstream.

Sincetheconcentrationprofileswerethreed3mensionsL,itwas
necessarytolocatethepeakoftheprofilecarefully.Thiswasdone
by rotatingthesampkbgprobeto changetheverticalpositionofthe
probetipandthenmovingtheprobehorizontallyuntilthepeakwasfound.

Thetotal-spreadingcoefficientm wascalculatedfromtheslope
ofa straightlinefairedthrougheachsetofconcentration-profiledata,
wherethedatawereplottedas log(C/Co)againstr2. Themolecular-

Spream coeffici~t~d was@c@ted framtherelation

md = td (24)

wherethemolecular-diffusioncoefficientd wascalculatedfromthe
theoreticalrelationsgiveninreference16. Theturbulent-spreading
coefficient~ wasthencalculatedfromequation(8). .
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RESums

GeneralStreamConditions

Pitotstaticprobeandhot-wire-anemcmeter”measurementsshowedthat
inthefieldofinterest,themesnstreamvelocityhada flatprofilein
boththe-al andradialdirections.Theslightvariationsinthetem-
perature(70°to 78°F) andpressure(26.6to 29.0in.Hg abs)affected
themolecular-diffusioncoefficientofheliumsomewhat,andthiseffect$

e wasincludedintheevaluationoftheturbulent-spreadingcoefficient.

IateralTurbulence-i3dxmsityMeasurements

Thelateralturbulenceintensi~P wasmeasuredthroughoutthe
fieldofinterestforeachofthestreamvelocitiesused.Typicalradial

AJ andAal profilesof P
$

areshowninfigures3(a)and(b),respec-
tively.Theprofilesareessentiallyflatinboth~rections.

y

6 Avariatiminlateralturbulenceintensitywithstresmvelocity
wasfoundandis showninfigure4. Thisvariationmightbe duetothe
turbulentfieldnotbeingfullydeveloped,sincetheratioofductlength
to diameterwasonly36in contrasttothegenerallyacceptedvalueof
40to 50.

LongitudinalTurbulence-Intensi@Measurements

ThelongitudinalturbulenceintensityrU2 wasmeasuredthroughout
thefieldofinterestandoverthemnge of streamvelocities.Typical
radialand@al profilesaresho~’minfigures5(a)and(b),respectively,
andareessentidd.yflat.

RadialMeasurematsoftheNerian CorrelationCoefficientg

MeasurementsoftheNeri~ correlationcoefficientg weremade
throughoutthefieldofinterestat eachofthestreamvelocitiesused.
These-measurementsweremadeintheradial
anemometerprobe,sothat g wasoriented
sketch:

directionwiththeX-wire-
as showninthefollowing

c ’01‘El
u

]—+—q

. .. .. . ..— ..——.— .————. ..-—___ _ ______ _
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A typicalseriesof g measurementsalongtheductaxisatvarious
stationsdownstreamfromtheheliuminjectoris showninfigure6(a). .
Thecorrelation-coefficientcurvesobtainedby fairinglinesthroughthe
g dataas shownin figure6(a)aresummarizedinfigure6(b)wherea
distinctvariationinthecorrelationcoefficientwithstreamvelocity
canbe seen.This

7

be duetoundevelopedturbulentflow,asisa

Shik trendof 7.

Axi.sLMeasurementsoftheEulerianCorrelationCoefficientf

TheNerian correctioncoefficientf wasmeasuredthroughout
tiefieldateachofthefivestreamvelocities.Thesemeasurements
weremadeintheaxialdirectionwiththesingle-wire-anemometerprobe,
sothat f wasorientedasfollows:

u ‘o,-

1---<

A tzypicalseriesof f measurementsalongtheductaxisatvarious
stationsdownstreamfrantheheliuminjectorisshowninfigure7(a).
Thesolldhe inthisfigureis discussedinthenextsection.A sum-
maryofthemeasuredf correlationcoefficientsis giveninfigure
7(b)andshowsa variationwithstresmvelocitysimilartothatoftie
g correctioncoefficientsinfigure6(b).

Turbulent-Spreading-CoefficientMeasurements

HeMum-concentrationprofilesweremeasuredata seriesof stations
downstreamfromthehelium@j ectorforeachofthefivestreamveloci-
ties.A typicalconcentrationprofileis showninfigure8,wherethe
sokidlinerepresentsequation(12)fittedtothedataby themethods
describedinthePROCEDUREsection.& canbe seenfranfigure8,the
diffusiondatafollowequation(12) accuratelyovera rangesufficient
forevaluationoftheto~-spreadingcoefficient0.

Theturbulent-spreadingcoefficient~ wasdeterminedfromthe
helium-diffusiondataas describedinthePROCEDUREsection.A sumary
oftheturbulent-spreading-coefficientdataisplottedinfigure9 asa
functionofthedistancedownstreamfromthehe~urninjectorforeach
ofthefivestresmvelocities. rl

G/

E theturbulencetitensitiesU2U,

fit
—

U, and ~ U andtheIagrangiancorrelationcoefficient~ were
toremainindependentofthestresmvelocityU, thentheTaylortheory
ofdiffusionpredictsthatalJthe ~ datashowninfigure9 should

l-l
a)
t-
WY

.

.
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fallonthesamecurvewhenplottedagainstthedistancex. Since
theturbulence-intensi~andEuleriancorrelationcoefficientswere
pendenton streamveloci~,thespreadofthe ~ curvesinfigure

13

both
de-
9 is

tobe ~ected. Ananomalouseffectisnotedinfigure9 withrespect
tothe ~ curveforthestreamvelocityof122feetyersecond.Tobe
consistentwiththeturbulencemeasurementsandtheotherfour ~
curves,the ~ in questionshouldfallbelowthe ~ forthestream
velocityof164feetpersecond,butitdoesnot. Thisinconsistentre-
sultisattributedto experimentalerrorinthediffusion&ti forthe
122-foot-per-secondstreamvelocity.

DISCUSSION

HomogeneityoftheTurbulenceField

Withtheexceptionoftwodatapoints,theturbulent-spreadingco-
efficient~ wasevaluatedfromheliumconcentrationsmeasuredwithin
a 2-inch-diametercentralcoreofthepipeflow.This2-inchcorewas
consideredtoformtheboundaryoftheturbulencefieldofinterest.
Theconsistencyofthevaluesoftheturbulenceparametersinthisfield

.

isa measuxeofthedewee ofhcmnogenei~ofthefield.Sincethedif-
fusiontookplaceh th~radialdirection,variationsinthelateral

turbulenceintensity4+ weredeemedtipo-t andarelistedinthe
followingtableforeachofthefivestreamvelocitiesused:

Stresm IDeviationfromthemeanvalue—
velocity,

rV2u, of in coreofinterest,
ft/iiecI percent

50 i20.6
75 . 3+3.2
100 *1O.5
122 *7.2

By inspectionofdatasuchasthoseinfigure3(a),someofthedevia-
tionshowninthistableisattributedto errorsinmeasurement.In

general,theradialprofilesof r# showedslighttrendstowardshigher
valuesattheouterboundaryofthecoreofinterestandexhibitedsome-
whathighervaluesinthehel=ium-injectorwakeforlocationsa fewinches
downstreamframtheinjector.

Thecorrelationcoefficientsf and g showedno definitetrend
ineithertheradialorMteraldirectioninthecoreofinterestfor

___ —.. — ____ .—-— — -—. -—. ..—.



14 MACATN 3570
.

W @icti streamvelocity.Theslighteffectnotedinthein-
jectorwakewasattributedtotheperioticityofthewaketurbulence. .
Thiseffectdecreasedthevalueofthecorrelationcoefficientsnear
E= 0 ad persistedttioughmostoftherestofthe
intheformofripplessuperimposedonthegenerally

IsotropyoftheTurbulenceJITeld

correctioncurve
smoothcurve.

Isotropyis definedastheconditionwhereintheturbulencein-
tensityandcorrelationtensorareinvarianttorotationortoreflection
inanyplanethroughthecoor&nate-systemorigin(ref.2). Axneasure
ofisotropyisthereforefoundh thede~eeofagreementbetweenthe
values= theti~iknce intensityintherectangubxdirections.Since—
only~u2 and~# weremeasured,radials

ob- @ =~. The~eement between5::3
thefollowingtable:

be assumedto

is shownin

u,
ft/sec

50
75
1.23

47/u
0.0345
.0340
.0315

0.0305
.0310
.0315

1.13
1.10
1*OQ

As discussedintheRESU121’Ssection,theturbulentpipeflowmaynothave
beenfullydevelopedbecauseofinsufficientinletlength.Thismight
explainthedeparturefrmnisotropyatthelowerstreamvelocitiesshown
in theprecedingtable.

As a consequenceofisotropy,a relationexistsbetweentheEulerian
correlationcoeffici=tsf and g (eq.(14)).Thisrelationcanbe
integratedasfollowstoprovidea numericalrelationbetweenf and.g: .

(25)

Theagreementofthemeasuredf and g witheqyation(25)wasfound
by calculatingan f fromthemeasuredg by graphicalintegration.
Theresultsofa typicalcalculationareshowninfigure7(a),wherethe
calculatedf isplottedforcomparisonwiththemeasuredf. The
agreementbetweenthecalculatedsndmeasuredf correctioncoeffi-
cients(figs.10 and7(.),respectively)wasbestatthehigherstream

velocities,whichisconsistentwiththeagreementbetweenfiandG “
shownintheprecedingtable.
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. In summary,itappearsthattheconditionofisotro~isapproached
closely,esyecialdyatthehigherstreamvelocities.me greaterde.
parturefromisotropyatthelowerstreamvelocitiesis ofconsequence
in discussionlaterinthissection.

@cement oftheDiffusionDatawiththeTsylorTheoryofDiffusion

2 AsmentionedintheINTRODUCTION,thereareconflictingdataabout
P theturbulent-diffusionprocessforsmalltimes(shortdistancesdown-

streamframthediffusionsource).By inspection,equation(22)indicates
thatforsmallvaluesof t (whereg%?= 1)the~bulent-spreadingcoef-
ficient~ shouldbe

(26)

Aftercorrectionforhot-wire
inreference17werefoundto
ofheatfroma linesourceby

length,the anemametry
accuratelypredictthe
equation(26).Ihthe

measurementsof #
turbulentdiffusion
simikrexpertients

reportedinreferences7 and8,theturbulent-spread3ngcoefficientsof
theheatwakeweregreaterthanthosepredictedfromanemometrymeasure-
mentssndequation(26).

Thepulse-ldkenatureoftheinstantaneoustemperaturemeasured
closebehindtheMe sourceofheatindicatedthattheheatwakewasa
randomlywatig sheethavinga finitethicknessduetomoleculardiffu-
sion(refs.7and8). Reference8 suggeststhatthesmallesteddiesof
theturbulencedistortthesheetby rotationandstrainsothatthe
spreadingcoefficient~ predictedfromtheanemometermeasurementsby
ecpation(26)islessthanthe ~ foundbytemperature-distribution
measumments.Thecriterionforthiseffectisthatody eddiessmaller
thanthemolecularwakewillcontributetothedistortion. .

Thecriterionofmicroscalesmallccmrpared.withmolecular-wakewidth
wasevaluatedinthepresentinvestigationby determiminnthemicroscale
~ fromthecorrelationcoefficientf andcalctitingthemolecular-
wakewidthas describedinthePROCEDUREsection.Themicroscale~f

wasdeterminedfrcmnthedefinitiongiveninreference18

(27).

andwasfoundtobe a~ro-tely 0.015footforaJJstresmconditions
usedintheinvestigation.Themaximummolecularspreadingwasen-
counteredat t = 0.0497second,wherethestandarddeviationofthe

. . . . . . .-..__—_ .———._ ——. . —. .- .— — —.-.—.
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molecularwake
tionsindicate
inthepresent
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.

-d was~ctited tobe 0.0@8foot. ~e~ec~c~.
thattheeffectdescribedinreference8 didnotoccur

.

investigation,sincethe~um molecular-wakewidth
waslessthanthemicroscaleoftheturbulence.Thisconclusionis
borneoutby a comparisonbetweenthe ~ determinedfromthehelium-
&M?frmiondataandthosecalculatedfrcmtheanemometrymeasurements
andequation(26). Thiscomparison,whichshowsacceptable~eement
betweentheanmmetry dataandthosemeasuredby diffusion,istabu-
latedasfollows:

tream
sloci~,
u,

ti/sec

I

Time,
t,
sec

__l_-50 0.003
75 .002
122 .00123
164 .000931

Spreadingcoefficient,
Sqft

%!
(from
tiffusion
data)

2.00001263
.0000XU54
.00001153
.00001063

(calculated
from
ammometry
data)

o.00001=
.000013
.Omlll
.0000106

9

1.06
1.15
.96

1.00
.

ComparisonoftheShapesoftheLagrangianandEulerian

CorrelationCoefficients

As discussedintheTHEOREJ?ICALANAIXSISsection,a comparisonof
theshapesoftheWgsmgian andNerian correlationcoefficientsmay
be madeby ccmparingthespreadingcoefficient~ withan ~ calcu-
latedfromtheNerian correlationcoefficientby eqyation(23).The
~ calculatedfromthe f correlationcoefficientsshowninfigure10
areshowninfigureIl.asa functionoftheseparationtistsnceg.
Theturbulent-spreadingcoefficientsq measuredby heliumdlffusfon
andshowninfigure9,areplottedagainsttime t infigure12byus-
ingthetransformationx = Ut. - orderto determinethevalidityof
equation(21},theseparationdistance~ frm figure11andthetime
t fromfigure12werecross-plotted(fig.13)foreq.. valuesof ~
and ~. Equation(21]imp~esa hear relationbetweenthevalues
of ~ and t correspandlngto equalvaluesof ~ and ~. Theex-

a

yertmentalpointson figure13 canbe approximatedby straightlines,
as shown,andequation(21)isthussubstitiated. .
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Thefactor
thefairedUnes

B inequation(21)wasevaluatedfromtheslopesof
infigure13by usingvaluesofthelateralturbulence

intensity4# fromfigure4. ThefactorB isplottedinfigure14
foreachofthefivestreamvelocities.

Additional~aluationofthefioportionalityl?actorB

As a partofanotherresearchprogram,concentrationprofilesof
acetonevaporweremeasureddownstreamfroma shmlatedyointsourcein
a 6-inch-diameterduct.Turbulent-spreadingcoefficientsweredeter-
minedfromtheacetone-vaporconcentrationprofilesat Ustancesof20.3
and24.8inchesdownstreamfromthepointofinjection.

IongitutinalturbulenceintensitiesrU2 weremeasuredthroughout
theductandhadapproximatelyflatradialand--al profilesinthe

fieldofinterest.Theturbulenceintensity4U2 hada valueof14
feetpersecondatthestreamconditionslistedinfigure15.

Thecorrelationcoefficientf wasalsomeasuredatthestream
conditionslistedabove,alongtheductaxis.Thesemeasurementsare
plottedinfigure15fora seriesof downstreamstationsandshowlittle
changewithpositionintheturbulencefield.

Onthebasisofmeasurementsoflongi~nsl intensityandthe f
correlationcoefficient,valuesof mf werecalculatedfromequation
(23)forcomparison”withthe ~ valuesobtainedfromtheacetone-vapor
diffusionexperiment.Thecrossplotthatwasmadebetweenthetwosets
of ~ and ~ valuesgavetwovaluesof ~ forrespectiwvaluesof
t. The(~,t)coordinatesfellona straightlinehavinga slopesuch
thatthefactorB in equation(21)hada valueof0.62.Thisvalue
of B agreeswellwiththoseshowninfigure14.

In summary,thedatashowthattheLagrsn@auandNerian correla-
tioncoefficientshavesimilarshapesconnectedlyan equationsuchas
equation(21)audthatthefactorofproportionalityinthisequationis
roughly0.6.

CONCLUSIONS

1.TheLagrangianandNerian correlationcoefficientsinhomo-
geneous,isotropicturbulencehavesimilarshapes.

—.—.
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2.TheshayesoftheIagrangianandEuleriancorrelationcoeffi-
cientswerefoundtobe relatedby a linearproportionalitybetween
theirtimeandspacecoordinatesas shownby the~ression

(--)f(g)=a ‘_ “ TheproportionalityfactorB isroughly0.6throu@-
B V2

outa rangeofturbulenceintensitiesfrcm1.8to14feetpersecond.

3.TheMnearrelationbetweentheshapesoftheLagramgisnand
Nerian correlationcoefficientsprovidesa meansforthequantitative
solutionofpracticalIIInngproblemsfromhot-wire-anemometrydata.

LewisFlightRwpulsionIaborato~
National.AdvisoryCommitteeforAeronautics

Cleveland,Ohio,August5,1955

.

.

.
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The followingsynbolsareusedinthisreport:

factorofproportionalityinlinearrelationbetweenshapesof
IawawQa.usndEuleriancorrelationcoefficients

concentrationofdiffusinggasorvapor

turbulentWHusion coefficient,sqft/sec

moleculardiffusioncoefficient,sqft/see;or cylinderdiam-
eter,ft

Urect currentvoltage,v

root-mean-squareofalternatingvoltage,v

Nerian doublevelocitycorrelationcoefficientsdefinedin
mannerofvonIQ&m& sudHowarth

electronicamp.lAficationfactor

constantcorrectingfordivisionofcurrentin,Wheatstonebridge

Nerian scaleofturbulence

Iagram@anscaleofturbulence

frequen~ofvortex-shedding

kgrangiancorrelationcoefficient

radialdistancefrcmsudsin cyldmlricalcoordinates,ft

Strouhalnumber

time,sec

characteristictimeofturbulence,sec

streamvelocity,ft/sec

turbulent-velocityvectorsinx,y, andz directions,respec-
tively,ft/sec

——.——________ _____ ___ —. —.—— —.—.
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w instantaneouspoint-sourcestrengkh,lb

w injectionrate,lb/see

x distancein-al directionin cylindricalcoordinates,in.or
ft

Y fluidparticledisplacement,ft

a angulardisplacementofX-wirearraywithrespectto stream
direction,radians

A microscsle

~ separation
veloci~

Q electrical

ofturbulence,ft

distancebetweenvelocityvectorsinNerian double
correlationcoefficients;ft

resist.snce,

m spreadingcoefficient~

Slibscripts:

ohms

Sqft

b voltageacrossWheatstonebridge

c cylhderdiameter

D differencebetweenvoltagesacrosstwoWheatstonebridges

d molecular

f pertdningto correlationcoefficientf

i summationconvention

o peakjorno-flowcondition

T turbuleht

t the

E at distanceE

Barredsymbolsindicatetimeaverage

.
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APPENDIXB

HOT-WIREANEMOMECRY

AnemometryEqyipnent

Thehot-wire-anemometryeqtipnentis showndiagrammaticallyinfig-
M ure16. Theamplifierswereoftheconstant-temperatureme witha
4~ frequency-responsefla.twithin1 decibelfmm O to 100,000cyclesper

second.Thebridgeandampkifierdesignis discussedindetail.inref-
erence15.

Theturbulenceintensitiesweremeasuredwiththeaverage-square
computerdescribedinreference15. Thecomputerhada frequency-
response-curveflatwithin0.3decibelfrm 20to 10,000cyclesper
second,a rangeof0.02to5 voltsrms,anda variable-capacitance
meterdampingcircuit.Thecomputerwascalibratedwitha sinewave,
butmeasuredtrueroot-mean-sqwevoltageof cmplexwaves.

ThedifferenceamplifierwaEa stsndarddesignwitha gainof1.0
anda flatfrequency-responsecurvewithin0.5decibelbetween20and

. 20,000cyclespersecond.Itsfunctionwastoobtaintheinstantaneous
clifferencebetweenthecomplexvoltagesfromtwohotwires.

. Themagnetic-taperecorderwasofthehigh-speedtwo-channeltype
andwasusedto storethecomplexvoltagesignalsfromthehot-wire
anemometersforlateranalysis.

Thecorrelationcaputerwasusedto determinethecorrelationco-
efficientsfromtheanemcnnetervoltagesigpalsstoredonthemagnetic
tape.Thecurveforover-allfrequencyresponseoftheemptierwas
flatwithin0.5decibelfrcm25to 5000cyclespersecond.Theoperation
oftheccmputeris describedlaterin“thisa~endix.

TheX-wire-andsingle-wire-an=mneterprobesformeasuringthe
lateralandlongitudinalturbulentvelocities,respectively,areshown
infigure17.

Turbulence-IntensityMeasurement

Thelongitudinalturbulenceintensitywasdeterminedfrantheequa-
tion.

(Bl)

.— .. —-— .— -———- — - --—.. — .— —___ —.
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where Eb and %,0 are direct-currentvoltagesmeasuredat flow

andno-flowconditions,respectively,and rE2 istheroot-mean-square
yoltagegivenby theaverage-squareccquter.Equation(Bl)isbased
onIHng’sequationandassumesthatthenaturalconvectionandcom-
pressibilityeffectsontheforcedconvectionfrcmthehotwireare
negligible.

ThelateralturbulenceintensityrV2 wasdeterminedlythemethod
developedinreference19anddiscussedinreference20thatrelatesthe $
lateralvelocityfluctuationtothevoltagedifferencebetweenthetwo m
hotwiresintheX-arraythroughtheequation

Wheretheroot-mean-square JR2 isan instantaneousvoltage

(B2)

difference
voltagereadfrmntheaverage-squarecomputer,andtheterm(@)/(du)
Istheslopeofthedirect-currentdifferencevoltageagainsttheangu-
larpositionoftheX-arraywithrespectto thestream-velocityvector. -

Correlation-CoefficientMeasurement

Thecorrelationcoefficientsweremeasuredlya methodintroduced
inreference21thatinserts= artificialtimelagintheturbulence
signalfrmna singleanemaneterprobe.Thismethodhasdefiniteop-
erationaladvantagesovertheconventionaltwo-probemethod,inthat
onlyonestationaryprobeisrequiredandthattheanemometersignal
maybe storedforanslysisat convenience.

Thecorrelationcomputerusedinthepresenttivestigation,which
wasdesignedbyD. F.BergandC.C. Congerofthe.Lewislaboratov,is
showndiagsmmaticallyinfigure18. Themagnetictapesuppliedtothe
cmuputerhadidenticalsignalsonbothchannels.Thecanputerwas
equippedwithonefixedandonemoveableplay-backhead,sothatanad-
justablettiedelaycouldbeintroficedbetweentheotherwiseidentical
si~ls passingthroughthetwochannelsofthecomputer.Theout-of-
phasesie wereampllfiedintheirrespectivechannelsby amplifiers
matchedtothehigh-speedtaperecorder.Afteramplification,thetwo
signslsweremultipliedinstantaneouslyby an electronicanalogmulti-
plier.Theanalogmultiplierwasofthemodulatedcarrier-wavetype
witha specialwaveformhavinga frequencyof2 megacycles.Thetime
averagevalueoftheproductofthetwosignalswasa correlation
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coefficientwhichrelatedthevelocitiesoftwodlffere@particlesat.
twodifferenttimes.Thet3meintervalbetweenthetwovelocitieswas
obtainedby dividingtheseparationdistancebetweenthetwopi-
headsby thetapespeed.Thespaceintervalbetweenthetwovelocities
wasobtinedbymultiplyingthetimeintervalby thestreamvelocity.

SincetheturbulenceintensityrlV2U wasmuchlessthan‘iuuL@,
w thelateraldisplacementoffluidparticlesduringthethe laginterval
+ t ofthecmputerwassmallcomparedwiththelongitudinalspacein-
P terval@ven by % = Ut. I&amthisconsideration,thecorrelationco-

efficientgivenby theccmputershouldappro@matethetrueEulerian
coefficie~t.Thisconclusionis stistantiatedby measurementsreported
inreference22whichshowgoodagreaentbetweencorrelationcoeffi-
cients
by

1.

2.

3.

4.

5.

6.

7.

. a.

the
obtainedfromthecomputeranda singleprobeandthoseobtained
conventionaltwo-probemethod.
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